Abstract: The properties of light wave propagation with stochastic scattering in a fiber are particularly attractive because of their influence in various applications. Although stochastic scattering in fibers is of great significance, until now, no accurate theoretical model has described the randomness of the distributions and variations in scattering since the scattering sources are regarded as centralized or homogeneously distributed. In this paper, we proposed a model to analyze the random variation in scattering with time and location. Then, we employed the model to simulate stochastic scattering in distributed fiber Raman amplification (FRA) systems, including Rayleigh backscattering and spontaneous Raman scattering, which are crucial limitations of the distributed FRA systems. The simulations agreed well with our experimental measurements, proving that our model efficiently described stochastic scattering spectra and distributions in FRAs. Our theory accurately analyzed the distribution and evolution of scattering along the fiber and is a promising tool for optimizing the performance of distributed fiber systems, especially systems with distributed amplification such as fiber communication systems, random feedback fiber lasers, and fiber sensors.
Introduction
The properties of light wave propagation with stochastic scattering in fibers are particularly attractive physical objects, because of their influence and applications in various engineering fields such as optical fiber telecommunications, fiber link monitoring, fiber lasers and fiber sensors. In recent years, the characteristics and application of random scattering in fiber have attracted significant attention from researchers [1] - [8] . Distributed fiber Raman amplifiers (FRAs) have become increasingly popular for long-haul fiber systems and long-reach unrepeated transmissions due to their lower noise figures compared with those of Erbium-doped fiber amplifiers (EDFAs) [1] - [4] . In distributed FRA systems, random double Rayleigh backscattering (DRB) and spontaneous Raman scattering (SpRS) are the main performance limitations. S. K. Turitsyn et al. demonstrated a novel random fiber laser, wherein Rayleigh backscattering (RB) provided randomly distributed feedback, and stimulated Raman scattering (SRS) provided distributed amplifications [6] . The random RB is also important for fiber sensors, such as the distributed vibration sensor based on a phase-sensitive optical time domain reflectometry (Phi-OTDR) system [7] .
In systems with distributed amplification, the randomly scattered light can be amplified, which more severely influences the system performance. A recurring challenge for the distributed FRAs is the presence of SpRS and DRB. SpRS can be randomly generated along the fiber and then amplified by the Raman pump light, whose characteristics are similar to the amplified spontaneous noise (ASE). Then, since no isolators are generally present in the distributed FRAs, the RB light is effectively amplified and generates considerable DRB light, which is amplified again by the Raman pump light [8] , [9] . The amplified DRB light has the same wavelength and transmission direction as the signal and is partially coherent with the signal light. Thus, it can beat with the signal to induce multi-path interference (MPI) noise, thereby degrading the performance of the systems. In the fewmode FRAs, the amplified SpRS and Rayleigh scattering also clearly affect the gain and noise figure performance [11] . In ordinary fiber lasers, stimulated Rayleigh scattering induces a severe polarization mode instability [10] . In addition, in random feedback fiber lasers, the randomness of Rayleigh and Raman scattering determines the characteristics of the output light [12] , [13] . Thus, in Phi-OTDR assisted by Raman amplification, RB and SpRS also severely limit measurement accuracy [14] .
The analysis of random characteristics of scattering in fiber attracted a great deal of attention in the past [15] - [20] . In 1990, P. Gysel et al. investigated the spectral properties of RB light from single-mode fibers [15] . In 1996, P. Wan and J. Conradi analyzed the difference in scattering noise between systems employing distributed and lumped FRAs [16] . The model they employed generally assumed that RB and SpRS were homogeneously distributed additive Gaussian white noise [17] , [18] . Recently, investigators have recognized that modeling the randomness of RB and SpRS distributions is an important area of study for random scattering in fiber. O. Okusaga et al. phenomenologically explained the influence of the random characteristics of RB based on guided entropy mode theory [17] . M. Fleyer et al. analyzed DRB noise considering the randomness of the RB coefficient in EDFA systems [18] . Regarding the randomness of SpRS, researchers have also reported a change in the spectrum of SpRS with the power of pump light [19] . Our group investigated the interaction of Rayleigh and Brillouin scattering and analyzed their influence in passive optical networks and fiber sensors [20] .
According to these investigations, stochastic scattering was generally modeled as a centralized or homogeneously distributed noise, and only the random variation with time has been considered, which has led to noticeable differences between the primitive models and experimental results. Therefore, we proposed a random distribution model to analyze the randomness of scattering coefficients and distributions for stochastic scattering. In our model, both the random variations in the scattering electrical fields with time and scattering locations were considered. Then, we employed our model to analyze the characteristics of RB and SpRS in distributed FRAs to verify our theory since the stochastic RB and SpRS with Raman amplification were easier to measure precisely. Fig. 1 presents the schematic diagram of random RB in the fibers. Photons propagating in a long fiber were coherently scattered by random refractive index inhomogeneities following Rayleigh's law. Most of the scattered photons leaked out of the fiber core. Only a few of them were backscattered and guided by the fiber. While the refractive index inhomogeneities were disordered, RB reflection coefficients varied randomly with time and locations, resulting in the randomness of the optical field of RB. Fig. 2 presents a schematic diagram of a bi-directional pumped distributed FRA system and the DRB noise generation process in the system. Two pump waves coupled at the beginning and end of the fiber provided a distributed Raman gain along the fiber. The signal light was transmitted along the forward direction of the fiber and scattered randomly. Some of the backscattered guided photons generated a single Rayleigh backscattering (SRB) light. The SRB light was amplified by the Raman pump lights and backscattered randomly again to produce DRB light. The amplified DRB light was partially coherent with the signal light and interfered with the signal light. The DRB noise was the sum of several lights with different time delays in contrast with the signal light, which can be regarded as the stochastic MPI noise. In addition, when the two pump waves were transmitted along the fiber, the SpRS photons were generated, and the forward-guided photons were amplified. The SpRS noise characteristics changed with the pump power, and this noise was higher in intensity than the DRB noise [3] , [4] . Thus, SpRS had more prominent impacts on the FRA system. The following section is our theoretical model and numerical method to address randomness in the DRB and SpRS noise.
Theoretical Model
First, we modeled the signal laser source using a quasi-monochromatic wave:
where m(t) is the relative amplitude noise of the laser with a zero-mean autocorrelation function, ϕ(t) is the laser phase noise, and ω 0 is the carrier frequency. The laser relative intensity noise (RIN) is defined as the Fourier transform of the autocorrelation function
, where • is a time-average. The effect of polarization state variations during the propagation in a random birefringent fiber can be added by calculating the degree of polarization of the DRB field by using the properties of a Mueller matrix [21] . Hence, we used a scalar field in the following derivations, and we added the polarization effect by multiplying the calculated spectrum by a constant factor of 5/9.
According to earlier investigations [16] - [19] , the RB sources uniformly distributed along the entire fiber, and the reflection coefficient γ(z) with a unit (1/km) can be modeled as a complex white Gaussian zero-mean process. Assuming that the entire fiber length is L, the single and double back reflection locations are z 1 and z 2 , respectively, the total DRB electrical field at the fiber output is given by
where n is the fiber refractive index, c is the speed of light in vacuum, and T (z i , z j ) is the transform function of the electrical field amplitude when the optical field is transported from z i to z j . Considering that RB and SpRS sources were distributed randomly along the entire fiber, integrating all the back reflections from locations z i and z 2 along the fiber was inaccurate. To describe the randomness, we assumed that the locations of random scattering sources were uniformly distributed from 0 to L. Thus, in our simulation, we generated N points that were distributed uniformly from 0 to L. The N points were sorted by ascending counts, and the sorted sequence was Fig. 3 . In our model, the distributions of scattering sources were random. However, in other models, the scattering sources are distributed periodically since all the simulation step-lengths are set to be constant. Then, (2) can be rewritten as follows:
The terms [γ(z j ) z j ] and [γ(z i ) z i ] represent the reflectivity at z i and z j , respectively, in which
In addition, γ(z) was modeled as a complex white Gaussian zero-mean process [20] . Summarizing all possible DRB terms, we can obtain the total DRB electrical fields at the fiber output. Moreover, the total SpRS electrical fields at the fiber output can be expressed as follows:
where ε(z i , t) is the total electrical field of the SpRS in the fiber section z i . The electrical field varies randomly with time and locations, and the mean and variance of its amplitude are related to the pump power [19] . We assumed several different SpRS variations with pump power, and the optimized simulation results are shown in Section 3.
We solve the coupled intensity equations of Raman scattering [1] , [6] as follows to obtain the transform function T (z i , z j ):
where + and -denote the forward and backward propagation of light in the fiber, respectively; P p and P s represent the pump power at frequency ν p and the power of the amplified signal light at frequency ν s , respectively; α p and α s are the attenuation coefficient for the pump light and signal light, respectively; and g R is the Raman gain factor from the pump light to the signal light. The term 2h ν S ν represents spontaneous Raman emission in the signal band, ν is the bandwidth of the signal light or the generated spontaneous radiation, and γ p and γ s are the Rayleigh backscattering coefficients for the pump light and signal light, respectively. We can calculate how the signal power changes along the fiber link, and the transform function of the electrical field amplitude can be written as
After we obtain the DRB and SpRS electrical fields at the fiber output, the total electrical field at the output of the fiber is
Finally, we employ a photonics detector (PD) to obtain the optical intensity and utilize a spectrum analyzer after the PD to acquire the spectrum of the total light intensity. The obtained spectrum can be represented by
where F {•} denotes the Fourier transform, and ε 0 is the vacuum permittivity.
Experiments and Analysis
We measured the spectra of the signal DRB and SpRS lights. Then, we compared the simulations based on our theoretical model with the experimental measurements. Our experimental setup to investigate the spectral characteristics of DRB noise is shown in Fig. 4 . The light from an approximately 100 kHz linewidth laser at 1550 nm was fed into the fiber through a variable optical attenuator (VOA), which was used to adjust the launch power of the forward signal light. To avoid the spectrum distortion induced by optical nonlinear noise, the launch power was fixed at −7 dBm. Meanwhile, the forward and backward pump lights from two modules were coupled into the transmission fiber to provide distributed amplification. Both central wavelengths of the pump light were 1455 nm, and the pump power was 500 mW. The DRB and SpRS noise were generated along the fiber. Both signal and scattering noise were amplified in the transmission fiber. At the end of the fiber, we employed a fiber-delayed self-heterodyne interferometer to more precisely measure the received spectrum [21]. Before the fiber delayed self-heterodyne interferometer, another VOA was adopted to keep the optical power fed in the interferometer, which was fixed at the same value. The output light was split into two branches using a 3 dB optical coupler. The upper output was fed into an acousto-optic modulator (AOM), which generates a 40 MHz frequency shift. The lower output was delayed by time τ d using a 20 km single-mode fiber. When the delayed time τ d was much longer than the coherence time of the tested light, we obtained the spectrum of the light with high resolution [20] . Finally, the two branches of light were combined by another 3 dB optical coupler, which interfered with each other at the PD. We acquired the interference spectrum using an electrical spectrum analyzer after the PD. During the experiments, we measured the spectra of the DRB and SpRS noise with different fiber lengths such as 80 km, 160 km, 200 km, and 300 km. When the fiber length was 80 km, only the backward pump was on, while both pumps were on when the fiber lengths were 160 km, 200 km, and 300 km. The light power at the output of the transmission fiber was fixed at −18 dBm using VOA2.
In our simulation, the reference values of the parameters are shown as follows:
The experimental measurements of the signal and scattering noise spectra with different fiber lengths are shown in Fig. 5 . The curves are the envelopes of the measured normalized spectra. The red dashed curve is the normalized spectrum of the laser relative intensity noise (Laser RIN). Fig. 5 demonstrates that the spectrum of light with DRB noise and corner frequency changed with the fiber length. In experiments conducted by M. Fleyer et al., when the fiber length was longer, the corner frequency was smaller in EDFA systems [19] . In our experiments, the corner frequency of an 80 km fiber was smaller than that of the other three fiber lengths. However, the corner frequencies of 160 km, 200 km, and 300 km fibers were not significantly different because the corner frequency approximately equals f c = c/2nL [19] , [22] . In addition, due to the Raman amplification of the DRB light, the MPI noise was larger than that in the EDFA systems [19] .
In Fig. 6(a) , we compared the measurements and stimulations for 80 km and 200 km fibers. In the simulations in Fig. 6 , we considered only the DRB noise and neglected the SpRS noise. The results of the simulations obviously agreed well with the experimental measurements in the low-frequency region. Since the MPI noise induced by DRB was a type of low-frequency noise, the comparisons proved that our theoretical model was accurate enough to describe the DRB noise in the distributed FRA systems.
In Fig. 6 (b), we considered both the DRB and SpRS to simulate the received spectra. Clearly, the results of the simulation fit the experimental measurements better in the high-frequency region. In the high-frequency region, SpRS has a significant impact on the spectra. When we added a random SpRS to our model, the simulated results better fit the experimental results. However, when the fiber lengths were longer than 160 km, the simulated and experimental results were somewhat different at approximately 100 kHz. We attributed this difference to the fiber nonlinear effects. Since the Raman gain was extremely high, the signal peak power was sufficiently high to generate nonlinear effects, such as self-phase modulation and four-wave mixing between the pump and signal light. These nonlinear effects distorted the received spectrum. In future demonstrations, we will consider the fiber nonlinear effects in our theoretical model to improve the accuracy of the model in the high-frequency region.
Conclusion
In conclusion, to describe the randomness of scattering electrical fields with time and location, we proposed a precise random distribution theoretical model. Our theoretical model can accurately analyze the distributions and evolutions of the stochastic scattering along the fiber, which is meaningful for optimizing the performance of distributed fiber systems, especially systems with distributed amplification. In fiber communication systems that employ distributed FRAs, our theory can help adjust the pump configurations of FRAs to optimize the OSNR and expand the transmission distance. In OTDRs assisted by distributed amplification and random feedback fiber lasers, our model can also be used to analyze the system performance. In our further investigations, we will compare our model with some existing techniques and known models in different fiber systems. And we will give more reliable and specific evidence to evaluate our model.
